Abstract: In the paper, we introduce a new concept of topological orbit dimension of ntuples of elements in a unital C * algebra. Using this concept, we conclude that the Voiculescu's topological free entropy dimension of any family of self-adjoint generators of a nuclear C * algebra is less than or equal to 1. We also show that the topological free entropy dimension is additive in the full free products of qusidiagonal unital C * algebras.
Introduction
The theory of free probability and free entropy was developed by Voiculescu from 1980s. It played a crucial role in the recent study of finite von Neumann algebras (see [3] , [5] , [7] , [8] , [9] , [10] , [11] , [14] , [19] , [20] , [29] , [30] , [31] ). As an analogue of free entropy dimension in C * algebra context, the notion of topological free entropy dimension of n-tuple of elements in a unital C * algebra was also introduced by Voiculescu in [32] , where some of basic properties of free entropy dimension are discussed.
We start our investigation of the properties of topological free entropy dimension in [15] , where we computed the topological free entropy dimension of a self-adjoint element in a unital C * algebra. Some estimation of topological free entropy dimension in an infinite dimensional, unital, simple C * algebra with a unique trace, including irrational rotation C * algebra, UHF algebra and C * red (F 2 )⊗ min C * red (F 2 ), was also obtained in the same paper. In [16] , we proved a formula of topological free entropy dimension in the orthogonal sum (or direct sum) of unital C * algebras. As a corollary, we computed the topological free entropy dimension in finite dimensional C * algebras. In this article, we will continue our investigation on the concept of topological free entropy dimension.
First we introduce the notion of topological orbit dimension K (2) top , a modification of "topological free orbit dimension" in [15] inspired by the paper [14] , of n-tuples of self-adjoint elements 1 The author is partially supported by an NSF grant. 1 in a unital C * algebra. We prove the K (2) top is a C * algebra invariant. In fact we have the following result.
Theorem 3.2:
Suppose that A is a unital C * algebra and {x 1 , . . . , x n }, {y 1 , . . . , y p } are two families of self-adjoint generators of A. Then K (2) top (x 1 , . . . , x n ) = K (2) top (y 1 , . . . , y p ).
Moreover, we show in Theorem 3.1 that if z 1 , . . . , z m is a family of self-adjoint elements in a unital C * algebra A, then δ top (z 1 , . . . , z m ) ≤ max{K (2) top (z 1 , . . . , z m ), 1}, where δ top (z 1 , . . . , z m ) is the Voiculescu's topological free entropy dimension of z 1 , . . . , z m in A. This result, together with Theorem 3.2, provides us a possible way to compute the Voiculescu's topological free entropy dimension of an arbitrary family of self-adjoint generators of a unital C * algebra A, by studying the topological orbit dimension of a specific family of self-adjoint generators in A.
Then we study the topological orbit dimension in tensor products and orthogonal sums of unital C * algebras and obtain the following.
Theorem 3.4:
Suppose that A is a unital C * algebra and n is a positive integer. Suppose that B = A ⊗ M n (C). If x 1 , . . . , x m is a family of self-adjoint generators of A and y 1 , . . . , y p is a family of self-adjoint generators of B, then K (2) top (y 1 , . . . , y p ) ≤ K (2) top (x 1 , . . . , x m ). Theorem 3.5: Suppose that A and B are unital C * algebras with a family of self-adjoint generators x 1 , . . . , x n , or y 1 , . . . , y m respectively. Suppose D = A B is the orthogonal sum of A and B with a family of self-adjoint generators z 1 , . . . , z p . Then, K (2) top (z 1 , . . . , z p ) ≤ K (2) top (x 1 , . . . , x m ) + K (2) top (y 1 , . . . , y m ).
Next we show that the topological orbit dimension is always majorized by the orbit dimension capacity: Theorem 4.1: Suppose that A is a unital C * algebra and x 1 , . . . , x n is a family of self-adjoint elements in A. Then K (2) top (x 1 , . . . , x n ) ≤ KK
2 (x 1 , . . . , x n ), where KK (2) 2 (x 1 , . . . , x n ) is the orbit dimension capacity defined in Definition 4.1. A direct consequence of Theorem 4.1 is the computation of topological free entropy dimension of any family of self-adjoint generators in a nuclear C * algebra.
Corollary 4.1: Suppose A is a unital nuclear C * algebra with a family of self-adjoint generators x 1 , . . . , x n . If A has the approximation property in the sense of Definition 4.1 in [16] , then
The lower bound of the topological free entropy dimension of a family of self-adjoint generators of a nuclear C * algebra depends on the choice of nuclear algebras. For example, δ top (x 1 , . . . , x n ) = 0 if x 1 , . . . , x n is a family of self-adjoint generators of the unitization of C * algebra of compact operators (see Theorem 5.6 in [15] ). On the other hand, δ top (x 1 , . . . , x n ) = 1 if x 1 , . . . , x n is a family of self-adjoint generators of a UHF algebra (see Theorem 5.4 in [15] ).
The last part of the paper is devoted to prove that the topological free entropy dimension is additive in the full free products of qusidiagonal unital C * algebras (see Theorem 5.1). As a corollary of Theorem 5.1, we obtain the following result, which is a generalization of an earlier result proved by Voiculescu in [32] .
Corollary 5.1:
Suppose that A i (i = 1, 2, . . . , m) is a unital C * algebra generated by a self-adjoint element x i in A i . Let D be the full free product of A 1 , . . . A n equipped with unital embedding from each A i into D. If we identify the element x i in A i with its image in D, then
where n i is the number of elements in the spectrum of x i in A i (We use the notation 1/∞ = 0).
The organization of the paper is as follows. In section 2, we give the definitions of topological free entropy dimension and topological orbit dimension of n-tuples of elements in a unital C * algebra. Some properties of topological orbit dimension are discussed in section 3. In section 4, we compute the topological orbit dimension in a finitely generated nuclear C * algebra. In section 5, we prove that the topological free entropy dimension is additive in the full free products of some unital C * algebras.
Definitions and preliminary
In this section, we are going to recall Voiculescu's definition of topological free entropy dimension of n-tuples of elements in a unital C * algebra and give the definition of topological orbit dimension of n-tuples of elements in a unital C * algebra.
2.1.
A Covering of a set in a metric space. Suppose (X, d) is a metric space and K is a subset of X. A family of balls in X is called a covering of K if the union of these balls covers K and the centers of these balls lie in K.
Covering numbers in complex matrix algebra
n . Let M k (C) be the k × k full matrix algebra with entries in C, and τ k be the normalized trace on M k (C), i.e., τ k = 1 k T r, where T r is the usual trace on M k (C). Let U(k) denote the group of all unitary matrices in M k (C). Let M k (C) n denote the direct sum of n copies of
n be the direct sum (or orthogonal sum) of n copies of M s.a k (C). Let · be an operator norm on
n . For every ω > 0, we define the ω-· -ball Ball(B 1 , . . . , B n ; ω, · ) centered at (
We define the covering number ν ∞ (Σ, ω) to be the minimal number of ω-· -balls that consist a covering of
For every ω > 0, we define the ω-
We define the covering number ν 2 (Σ, ω) to be the minimal number of ω-· 2 -balls that consist a covering of Σ in M k (C) n .
Unitary orbits of balls in
n such that there exists some unitary matrix W in U(k) satisfying
We define the covering number o ∞ (Σ, ω) to be the minimal number of ω-orbit-· -balls that consist a covering of Σ in M k (C) n .
For every ω > 0, we define the ω-orbit-
2.4. Noncommutative polynomials. In this article, we always assume that A is a unital C * -algebra. Let x 1 , . . . , x n , y 1 , . . . , y m be self-adjoint elements in A. Let C X 1 , . . . , X n , Y 1 , . . . , Y m be the unital noncommutative polynomials in the indeterminates X 1 , . . . , X n , Y 1 , . . . , Y m . Let {P r } ∞ r=1 be the collection of all noncommutative polynomials in C X 1 , . . . , X n , Y 1 , . . . , Y m with rational complex coefficients. (Here "rational complex coefficients" means that the real and imaginary parts of all coefficients of P r are rational numbers). 
Define the norm-microstates space of x 1 , . . . , x n in the presence of y 1 , . . . , y m , denoted by
as the projection of Γ
2.6. Voiculescu's topological free entropy dimension (see [32] ). Define
to be the covering number of the set Γ n equipped with operator norm. 
to be the covering number of the set Γ (top) R (x 1 , . . . , x n : y 1 , . . . , y m ; k, ǫ, P 1 , . . . , P r ) by ω-orbit-· 2 -balls in the metric space (M s.a k (C)) n equipped with the trace norm.
top (x 1 , . . . , x n : y 1 , . . . , y m ; ω) increases as ω decreases. The topological orbit dimension of x 1 , . . . , x n in the presence of y 1 , . . . , y m is defined by
top , the subscript "top" stands for the norm-microstates space and superscript " (2) " stands for the using of · 2 -balls when counting the covering numbers of the norm-microstates spaces.
Remark 2.5. Let R > max{ x 1 , . . . , x n , y 1 , . . . , y m } be some positive number. By definition, we know
2.8. C * algebra ultraproduct and von Neumann algebra ultraproduct. Suppose
is a sequence of complex matrix algebras where k m goes to infinity as m goes to infinity. Let γ be a free ultrafilter in β(N) \ N. We can introduce a unital C * algebra ∞ m=1 M km (C) as follows:
We can also introduce norm closed two sided ideals I ∞ and I 2 as follows.
, is defined to be the quotient algebra of
along the ultrfilter γ, also denoted by γ m=1 M km (C) if no confusion arises, is defined to be the quotient algebra of
Remark 2.6. The von Neumann algebra ultraproduct γ m=1 M km (C) is a finite factor (see [21] ).
Properties of the topological orbit dimension K (2) top
In this section, we are going to discuss properties of the topological orbit dimension K (2) top . The following result explains the relationship between topological free entropy dimension and topological orbit dimension of n-tuples of elements in a unital C * algebra.
Lemma 3.1. Suppose that A is a unital C * algebra and
Proof. For any 0 < ω < 1/10, R > max{ x 1 , . . . , x n }, we know that
Therefore, by Szarek's results in [26] ,
where C is a constant independent of k, ω. Now the result of the theorem follows directly from the definitions of the topological free entropy dimension and the topological orbit dimension, together with Remark 2.2, Remark 2.5 and Proposition 5.1 in [15] .
A direct consequence of the preceding lemma is the following thoerm.
Theorem 3.1. Suppose that A is a unital C * algebra and x 1 , . . . , x n is a family of self-adjoint elements in A. Then
The following lemma will be needed in the proof of Theorem 3.2.
Lemma 3.2. Let x 1 , . . . , x n , y 1 , . . . , y p be elements in a unital C * algebra A. If y 1 , . . . , y p are in the C * subalgebra generated by x 1 , . . . , x n in A, then, for every ω > 0,
top (x 1 , . . . , x n ; ω). Proof. It is a straightforward adaptation of the proof of Prop. 1.6 in [30] . Given R > max 1≤j≤n x j + max 1≤j≤p y j , r ∈ N and ǫ > 0, we can find r 1 ∈ N and ǫ 1 > 0 such that, for all k ∈ N,
for all ω > 0. The rest follows from the definitions.
3.1. Our next result shows that the topological orbit dimension K (2) top is in fact a C * algebra invariant.
Theorem 3.2. Suppose that A is a unital C
* algebra and {x 1 , . . . , x n }, {y 1 , . . . , y p } are two families of self-adjoint generators of A. Then
top (y 1 , . . . , y p ). Proof. Note x 1 , . . . , x n are elements in A that generate A as a C * algebra. For every 0 < ω < 1, there exists a family of noncommutative polynomials
For such a family of polynomials ψ 1 , . . . , ψ p , and every R > max{ x 1 , . . . , x n , y 1 , . . . , y p } there always exists a constant D ≥ 1, depending only on R, ψ 1 , . . . , ψ n , such that
For r sufficiently large, ǫ sufficiently small and k sufficiently large, every
It is obvious that such an (A 1 , . . . , A n ) is also in
On the other hand, by the definition of the orbit covering number, we know there exists a set
. . , x n ; k, ǫ, P 1 , . . . , P r ), there exists some λ ∈ Λ k and W ∈ U(k) such that
for some λ ∈ Λ k and W ∈ U(k), i.e.,
Hence, by the definition of the topological orbit dimension and Remark 2.5, we get
top (x 1 , . . . , x n ), where the last inequality follows from the fact that K (2) top (x 1 , . . . , x n ; ω) increases as ω decreases. Thus, by Lemma 3.2, we get
top (x 1 , . . . , x n ), which completes the proof.
A slight modification of the proof of Theorem 3.2 will show the following result.
Theorem 3.3. Suppose that A is a unital C
* algebra with a family of self-adjoint generators
x n j is any family of self-adjoint generators of
Proof. Note ∪ ∞ j=1 A i is norm dense in A and, for each j ≥ 1, x 1 , . . . , x n j is a family of self-adjoint generators of A j . For every 0 < ω < 1, there exist a positive integer j and a family of noncommutative polynomials
The rest of the proof is identical to the one of Theorem 3.2.
3.2.
Suppose A is a finitely generated unital C * algebra and n is a positive integer. In this subsection, we are going to compute the topological orbit dimension in the unital C * algebra A ⊗ M n (C).
Assume that {e st } n s,t=1 is the canonical system of matrix units in M n (C) and I n is the identity matrix of M n (C).
The following statement is an easy adaption of Lemma 2.3 in [1] . 
Lemma 3.4. Suppose A is a unital C * algebra generated by a family of self-adjoint elements
Proof. We will prove the result by using contradiction. Suppose, to the contrary, that the result of the lemma does not hold. There are ω > 0, r 0 ∈ N, and ǫ 0 > 0 such that, for any r ∈ N, there are k r ∈ N and
s,t=1 , k r , 1/r, P 1 , . . . , P r ) = ∅, satisfying either n ∤ k r , or if W is a unitary matrix W in M kr (C) and
Let γ be a free ultra-filter in β(N) \ N. Let γ r=1 M kr (C) be the C * algebra ultra-product of matrices algebras (M kr (C)) ∞ r=1 along the ultra-filter γ, i.e. γ r=1 M kr (C) is the quotient algebra of the C * algebra r M kr (C) by I ∞ , a norm closed two sided 0-ideal of the norm · γ , where
Let ψ be the * -isomorphism from the C * algebra A⊗M n (C) into the C * algebra γ r=1 M kr (C) induced by the mapping
Thus {ψ(I A ⊗ e st )} n s,t=1 is also a system of matrix units of M n (C) in γ r=1 M kr (C). By the preceding lemma, without loss of generality, we can assume that n|k r and there is a sequence of
We might assume that there are B
which contradicts with our assumptions (3.1), (3.2) and (3.3). This complete the proof of the lemma.
Now we are ready to prove the main result in this subsection. 
Proof. Let R > max{ x 1 , . . . , x m , 1}. For any ω > 0, r 0 > 0 and ǫ 0 > 0, by the preceding lemma, there are some r > 0 and ǫ > 0 such that, ∀ k ∈ N,
. . , x n ; k, 1/r 0 , P 1 , . . . , P r 0 , ω).
It follows easily that
top (x 1 , . . . , x m ). By Theorem 3.2, we have K
top (y 1 , . . . , y p ) ≤ K
top (x 1 , . . . , x m ), where y 1 , . . . , y p is a family of self-adjoint generators of B 3.3. In this subsection, we assume that A and B are two unital C * algebras and A B is the orthogonal sum of A and B. We assume x 1 , . . . , x n , or y 1 , . . . , y n , is a family of self-adjoint generators of A, or B respectively.
Let R > max{ x 1 , . . . , x n , y 1 , . . . , y n } be a positive number. By the definition of topological orbit dimension, we have the following.
top (y 1 , . . . , y m ), (i) for each ω > 0, there is r(ω) satisfying lim sup
(ii) Therefore, for each ω > 0 and r(ω) ∈ N, there is some K(r(ω)) ∈ N satisfying
Lemma 3.6. Suppose that A and B are two unital C * algebras and x 1 , . . . , x n , or y 1 , . . . , y n is a family of self-adjoint elements that generates A, or B respectively. Let R > max{ x 1 , . . . , x n , y 1 , . . . , y n } be a positive number. For any ω > 0, r 0 ∈ N, there is some t > 0 so that the following holds:
and
Proof. The proof of this lemma is a slight modification of the one of Lemma 4.2 in [15] . 
top (x 1 , . . . , x n ) and β > K
top (y 1 , . . . , y m ), Let R > max{ x 1 ⊕ y 1 , . . . , x n ⊕ y m } be a positive number. By Lemma 3.4, for any ω > 0, there are r(ω) ∈ N and K(r(ω)) ∈ N satisfying
On the other hand, for each ω > 0 and r(ω) ∈ N, it follows from Lemma 3.5 that there is some t ∈ N so that ∀ r > t, ∀ k ≥ 1, if
then there are
It follows that
By (3.4) and (3.5), we know that
when k is large enough. Now it is not hard to show that
top (y 1 , . . . , y m ), where z 1 , . . . , z p is any family of self-adjoint generators of A B.
Orbit dimension capacity
In this section, we are going to define the concept of "orbit dimension capacity" of n-tuples of elements in a unital C * algebra, which is an analogue of "free dimension capacity" in [32] .
4.1.
Modified free orbit dimension in finite von Neumann algebras. Let M be a von Neumann algebra with a tracial state τ , and x 1 , . . . , x n be self-adjoint elements in M. For any positive R and ǫ, and any m, k in N, let Γ R (x 1 , . . . , x n ; m, k, ǫ; τ ) be the subset of M n such that max 1≤j≤n A j ≤ R, and
for all 1 ≤ i 1 , . . . , i q ≤ n, and 1 ≤ q ≤ m. For any ω > 0, let o 2 (Γ R (x 1 , . . . , x n ; m, k, ǫ), ω) be the minimal number of ω-orbit-
n that consists a covering of Γ R (x 1 , . . . , x n ; m, k, ǫ). Now we define, successively,
2 (x 1 , , . . . , x n ; τ ) = lim sup
2 (x 1 , , . . . , x n ; ω; τ ), where K
2 (x 1 , . . . , x n ; τ ) is called the modified free orbit-dimension of x 1 , . . . , x n with respect to the tracial state τ . From the previous definition, it follows directly our next result. Lemma 4.1. Suppose x 1 , . . . , x n is a family of self-adjoint elements in a von Neumann algebra with a tracial state τ . Let K 2 (x 1 , . . . , x n ; τ ) be the upper orbit dimension of x 1 , . . . , x n defined in Definition 1 of [14] . We have, if
2 (x 1 , . . . , x n ; τ ) = 0. 4.2. Definition of orbit dimension capacity. We are are ready to give the definition of "orbit dimension capacity". 
2 (x 1 , . . . , x n ; τ ) to be the orbit dimension capacity of x 1 , . . . , x n .
Topological orbit dimension is majorized by orbit dimension capacity.
We have the following relationship between topological free entropy dimension and orbit dimension capacity. 
. , x n is a family of self-adjoint elements in
2 (x 1 , . . . , x n ). Proof. The proof is a slight modification of the one in section 3 of [32] . For the sake of the completeness, we also include Voiculescu's arguments here.
If K (2) top (x 1 , . . . , x n ) = 0, there is nothing to prove. We might assume that K (2) top (x 1 , . . . , x n ) > α > 0. We will show that
Let R > max{ x 1 , . . . , x n }. From the assumption that K (2) top (x 1 , . . . , x n ) > α, it follows that there exist a positive number ω 0 > 0 and a sequence of positive integers {k q } ∞ q=1 with k 1 < k 2 < · · · , so that for some α ′ > α,
Let A(n) be the universal unital C * algebra generated by self-adjoint elements a 1 , . . . , a n of norm R, that is the unital full free product of n copies of C[−R, R]. A microstate
Similarly there is a * -homomorphism ψ : A(n) → A so that ψ(a i ) = x i , for 1 ≤ i ≤ n. It is not hard to see that the weak topology on Ω = T S(A(n)) is induced by the metric
Therefore, Ω is a compact metric space and
is a compact subset of Ω because η → τ η is continuous and Γ(q) is compact with respect to the topology induced from the operator norm. Let further K ⊂ Ω denote the compact subset (T S(A)) • ψ. Given ǫ > 0, from the fact that Ω is compact it follows that there is some L(ǫ) > 0 so that for each q ≥ 1,
We have
Thus we have
Given ǫ successively the values 1, 1/2, 1/3, . . . , 1/s, . . ., we can find a subsequence {q s } ∞ s=1
such that the chosen set K js qs ⊂ K qs has diameter < 1 s and the corresponding set Γ ′ (q s ) satisfying
Without loss of generality, we can assume that τ is the weak limit of some sequence (τ η(qs) )
|τ (Q(a 1 , . . . , a n ))| = lim s→∞ |τ η(qs) (Q(a 1 , . . . , a n ))| ≤ lim sup s→∞ ||ψ η(qs) (Q(a 1 , . . . , a n ))|| a 1 , . . . , a n )) .
Now it follows from the density of the polynomials Q in A(n) that τ ∈ K.
We can further assume that there is a subsequence {q
is ⊂ B(τ, 1/t), the ball of radius 1/t and center τ . Therefore, for any m ∈ N and ǫ > 0, we have
when t is large enough. Thus
2 (x 1 , . . . , x n ) = sup
2 (x 1 , . . . , x n ; τ ) ≥ K
top (x 1 , . . . , x n ).
4.4. Nuclear C * algebras. Now we can compute the topological free entropy dimension of a family of self-adjoint generators in a unital nuclear C * algebra.
Corollary 4.1. Suppose A is a unital nuclear C * algebra with a family of self-adjoint generators x 1 , . . . , x n . If A has the approximation property in the sense of Definition 4.1 in [16] , then K
top (x 1 , . . . , x n ) = 0 and
Proof. It is known that every representation of a nuclear C * algebra yields an injective von Neumann algebra. From Lemma 4.1 and Theorem 2 in [14] , it follows that
where T S(A) is the set of all tracial state of A. Then, by Theorem 4.1 we know that
top (x 1 , . . . , x n ) = 0. By Theorem 3.1, δ top (x 1 , . . . , x n ) ≤ 1.
Tensor products.
In this subsection, we are going to prove the following result. 
top (x 1 , . . . , x n ) = 0 and δ top (x 1 , . . . , x n ) = 1, where x 1 , . . . , x n is any family of self-adjoint generators of B.
Proof. Assume that τ is a tracial state of B and H is the Hilbert L 2 (B, τ ). Let ψ be the GNS representation of B onto H. Note that A 1 , A 2 are infinite dimensional, unital simple C * algebras with a unique tracial state. It is not hard to see that both ψ(A 1 ) and ψ(A 2 ) generate diffuse finite von Neumann algebras on H. Thus both ψ(B 1 ) and ψ(B 2 ) generate diffuse finite von Neumann algebras on H. Moreover, ψ(B 1 ) and ψ(B 2 ) commute with each other. Thus, by Corollary 4 in [14] , we have that
where K 2 (ψ(x 1 ), . . . , ψ(x n ) : τ ) is the upper free orbit dimension of ψ(x 1 ), . . . , ψ(x n ) (with respect to τ ) defined in [14] . By Lemma 3.1, we have
Since τ is an arbitrary tracial state of B, we have KK (2) 2 (x 1 , . . . , x n ) = 0. By Theorem 3.1, we have K
On the other hand, a direct adaption of Theorem 5.2 in [15] shows that
if B has approximation property in the sense of [15] . Hence
Similar argument shows the following result. 
2 (z 1 , . . . , z p ; τ ) = 0, then
top (x 1 , . . . , x n ) = 0 and δ top (x 1 , . . . , x n ) = 1.
4.6. Crossed products. In this subsection, we are going to prove the following result. 
Proof. Assume that τ 1 is a tracial state of D and H is the Hilbert L 2 (D, τ 1 ). Let ψ be the GNS representation of D onto H. Note that A an infinite dimensional unital simple C * algebra with a unique tracial state τ . Thus τ 1 | A = τ . It is not hard to see that ψ(A) generates a diffuse finite von Neumann algebra on H. Moreover, for any g ∈ G,
It follows from the fact that K
2 (z 1 , . . . , z p ; τ ) = 0 and Theorem 4 in [14] , that
2 (ψ(x 1 ), . . . , ψ(x n ) : τ 1 ) = 0. Since τ 1 is an arbitrary tracial state of D, we have KK (2) 2 (x 1 , . . . , x n ) = 0. By Theorem 3.1, we have
if D has approximation property in the sense of [15] . Hence
top (x 1 , . . . , x n ) = 0 and δ top (x 1 , . . . , x n ) = 1, where x 1 , . . . , x n is any family of self-adjoint generators of D. 
be a positive number. For any r ∈ N and ǫ > 0, it is not hard to see that
nm ; k, ǫ, P 1 , . . . , P r ) By the definition of topological free entropy dimension, we get that
5.1.
Suppose that A is a unital C * algebra and x 1 , . . . , x n is a family of self-adjoint elements in A. Recall Voiculescu's semi-microstates as follows. Let R, ǫ > 0, r, k ∈ N. Define Γ (top1/2)) R (x 1 , . . . , x n ; k, ǫ, P 1 , . . . , P r ) to be the subset of (M s.a k (C)) n consisting of all these
nm . This contradicts with the fact (5.1). This completes the proof of the lemma.
Recall the definition of a stable family of elements in a unital C * algebra in [16] as follows. 5.2. Results. Now we are ready to show the additivity of topological free entropy dimension in the full free products of some unital C * algebras. Recall that a C * -algebra A is quasidiagonal if there are a faithful representation π of A on a separable Hilbert space H and an increasing sequence of finite-rank projections
on H tending strongly to the identity such that π(x)E i − E i π(x) → 0 as i → ∞ for any x ∈ A. The examples of quasidiagonal unital C * algebras include the abelian unital C * algebra and any finite dimensional C * algebras. It follows from Voiculescu's characterization of qusidiagonal unital C * algebras in [27] that every qusidigonal unital C * algebra has the approximation property in the sense of Definition 4.1 in [16] , i.e. Lemma 5.3. Suppose that A is a finitely generated, qusidiagonal, unital C * algebra. Then A has the approximation property in the sense of Definition 4.1 in [16] .
j=1 is a stable family in the sense of Definition 5.2. Let the unital C * algebra D be the full free product of
equipped with the unital embedding
). Let R > max 1≤i≤n,1≤j≤n i x (i) j be a positive number. Since each A i is a quasidiagonal unital C * algebras, by the result in [2] , the full free product D is a quasidiagonal unital C * algebra. By Lemma 5.3, it follows that for any r 0 ∈ N , there is some k 0 ∈ N so that As a corollary, we have the following result. 
If we identify each x
where dim C A i is the complex dimension of A i .
Proof. It follows from Example 5.1 , Theorem 5.1 and the results in [16] .
